We investigate theoretically the quantum phase transition (QPT) between the one-channel Kondo (1CK) and two-channel Kondo (2CK) fixed points in a quantum dot coupled to helical edge states of interacting 2D topological insulators (2DTI) with Luttinger parameter 0 < K < 1. The model has been studied in Ref.
We investigate theoretically the quantum phase transition (QPT) between the one-channel Kondo (1CK) and two-channel Kondo (2CK) fixed points in a quantum dot coupled to helical edge states of interacting 2D topological insulators (2DTI) with Luttinger parameter 0 < K < 1. The model has been studied in Ref. 21 , and was mapped onto an anisotropic two-channel Kondo model via bosonization. For K < 1, the strong coupling 2CK fixed point was argued to be stable for infinitesimally weak tunnelings between dot and the 2DTI based on a simple scaling dimensional analysis 21 . We reexamine this model beyond the bare scaling dimension analysis via a 1-loop renormalization group (RG) approach combined with bosonization and re-fermionization techniques near weak-coupling and strong-coupling (2CK) fixed points. We find for K → 1 − that the 2CK fixed point can be unstable towards the 1CK fixed point and the system may undergo a quantum phase transition between 1CK and 2CK fixed points. The QPT in our model comes as a result of the combined Kondo and the helical Luttinger physics in 2DTI, and it serves as the first example of the 1CK-2CK QPT that is accessible by the controlled RG approach. We extract quantum critical and crossover behaviors from various thermodynamical quantities near the transition. Our results are robust against particle-hole asymmetry for 1 2 < K < 1. Quantum phase transitions (QPTs) 1 , the continuous phase transitions at zero temperature due to competing quantum ground states or quantum fluctuations, in correlated electron systems are of great fundamental importance and have been intensively studied over the past decades. Very recently, nano-systems (in particular quantum dots 2 ) offer an excellent playground to study QPTs due to high tunability [3] [4] [5] [6] [7] [8] [9] [10] . The well-known Kondo effect 11, 12 plays a crucial role in understanding low energy properties in quantum dot devices. Potential new QPTs in these systems may be realized in connection to exotic Kondo ground states. An outstanding example of an exotic Kondo state is the two-channel Kondo (2CK) system 13, 14 , which has attracted much attention both theoretically and experimentally as it shows non-Fermi liquid behaviors at low temperatures. Experimentally, the 2CK behaviors have been realized in Ref. 15 where a quantum dot independently couples to an infinite and a finite reservoirs of non-interacting conduction electrons.
More interestingly, the 2CK physics has also been found theoretically in Kondo quantum dot coupled to two strongly interacting Luttinger liquid leads with Luttinger parameter K < 1 2 16,17 . In this case, electron-electron interactions in the leads strongly suppress the crosschannel Kondo correlations responsible for charge transport through the quantum dot while the Kondo correlations involving electrons on the same lead are unaffected, leading to an insulating two-channel Kondo ground state where two independent Kondo screenings occur between the spins on the dot and in each lead separately. On the other hand, for weaker electron interactions, K > 16 . However, the critical properties of this 1CK-2CK QPT have not yet been addressed yet since it is not accessible to any controlled theoretical approaches.
On the other hand, recently a new type of materialstopological insulators (TIs)-with a gaped bulk and gapless edge states has been proposed theoretically 18 and realized experimentally 19 . In 2D TIs, the gapless edge states have "helical" nature, i.e. the directions of spin and momentum are locked together 20 . Based on bosonization and a simple scaling dimension analysis, the 2CK behaviors were argued to be stabilized in Kondo quantum dot coupled to two interacting helical edge states of 2D TIs as long as a weak electron-electron interaction exists in the helical electrons (K < 1) 21 . However, on a general ground, similar competition between the cross-channel Kondo correlation and suppression of tunneling due to electron-electron interactions mentioned above is also expected here for the helical Luttinger liquid, a special type of Luttinger liquid with broken SU (2) symmetry. The exotic 1CK-2CK QPT may therefore occur in this new setup.
In this paper, we re-examine the system in Ref. 21 near 2CK fixed point to explore the possibility of the exotic 1CK-2CK QPT via the controlled 1-loop renormalization group (RG) approach combined with bosonization, which goes beyond the bare scaling dimension analysis in Ref. 21 . For a weak but finite lead-dot tunneling, we find that for K → 1 − the 2CK fixed point can be unstable towards the (anisotropic) 1CK fixed point and the system may undergo a quantum phase transition (QPT) between 1CK and 2CK fixed points. The QPT in our model comes as a result of the combined Kondo and the helical Luttinger physics in 2DTIs. It serves as the first example of the 1CK-2CK QPT that is accessible by the controlled perturbative RG approach. The stability analysis on these two fixed points shows that they are stable against small particle-hole asymmetry for 1 2 < K < 1. We extract the non-Fermi liquid behaviors from various thermodynamical quantities at the 1CK-2CK quantum critical point.
This paper is organized as follows. In Sec. II, we introduce the model Hamiltonian and its bosonized form as shown in Ref. 21 . In Sec. III. A., we present the RG analysis of the model both in the weak coupling limit via bosonization approach (see Appendix A.). In Sec. III. B., we further map our bosonized model onto an effective Kondo model via re-fermionization near the strong-coupling 2CK fixed point. We then perform the RG analysis via both poor-man's scaling (see Appendix B.) and field-theoretical ǫ-expansion technique (see Appendix C.). Our RG analysis in both limits suggests a quantum phase transition between 1CK and 2CK fixed points. In Sec. IV. we perform stability analysis on the 1CK and 2CK fixed points respectively. We find that both fixed points are stable for 1 2 < K < 1, which substantiates our main finding that there exists an unstable quantum critical points separating two stable 1CK and 2CK fixed points near K = 1. In Sec. V., we calculate via field-theoretical ǫ-expansion approach the critical properties and crossover functions of various thermodynamical observables. In Sec. VI., we emphasize the clear physical picture of our main findings and draw conclusions.
II.
MODEL HAMILTONIAN.
In our set-up, the Kondo Hamiltonian has the same form as in Ref. 21 , given by:
Here, H 0 describes the two conduction electron baths (labeled as lead 1 and lead 2) made of helical edge states in 2D topological insulators, H K is the Kondo interaction, and the electron-electron interactions with forward scattering g 2,4 > 0 terms are given by H int with i = 1, 2 the lead index, and α = R, L being the label of the right (R) and left (L) moving electrons in the helical edge state. The conduction electron spin operator is given by:
The local impurity spin operator on the quantum dot can be expressed in terms of pseudo-fermion operator f σ 24 :
In the Kondo limit of our interest, the impurity (quantum dot) is singly-occupied:
Here, the couping J 1 and J 2 in H K stand for the strength of the Kondo correlations between the dot and electrons on the same and different leads, respectively. Note that in the presence of spin-orbit coupling, the spins ↑/↓ of the helical edge state electrons are locked with their right-moving (R)/left-moving (L) momentum. Note also that the small spin-orbit coupling will break the SU(2) spin-rotational symmetry in the above isotropic Kondo model, leading to the anisotropic Kondo model with J
The Hamiltonian Eq. 1 can be bosonized through the standard Abelian bosonization 23 for the electron operator 21, 28 :
The dual fields φ i (x) and θ i (x) obey the commutation relations:
with sgn(x = 0) = 0. The symmetric and antisymmetric combinations of φ i , θ i are defined as:
Here, F i,R/L are the Klein factors to preserve the anti-commutation relations between fermions (electrons) in the bosonsized form, and a is the lattice constant (lower bound in length scale); we have also dropped the spin indices of the edge state electrons due to their helical nature. The bosonized Hamiltonian after rescaling the boson fields is given by 21 :
Here, we consider repulsive electron-electron interactions (g 2 , g 4 > 0), giving 0 < K < 1; and K ρ(σ) refers to the interaction strength in the charge (spin) sector. Note that K σ = 1, K ρ < 1 corresponds to a spinful Luttinger liquid with SU(2) spin symmetry; while as K σ = 1 when this symmetry is broken. The helical Luttinger leads in H 0 + H int we consider here corresponds to a spinful Luttinger liquid lead with broken SU(2) symmetry and K σ > 1 28 . Note that we have dropped the Klein factors in Eq. 2 as they can be included straightforwardly in the same manner as shown in Refs. 22, 29 .
III. RG ANALYSIS OF THE MODEL.
A. RG analysis in weak coupling fixed point: J xy,z i = 0.
RG scaling equations.
In the vicinity of the fixed point J xy,z i = 0, it has been shown in Ref.
21 that the scaling dimensions of these Kondo couplings based on the bosonized Hamiltonian Eq. 1 of Ref.
21 are: [J terms are irrelevant and hence the system moves towards the 2CK fixed point. As shown in Fig. 1 , in the relatively higher temperature (energy) regime 10 −3 < µ/µ 0 < 1, with decreasing K the system tends to flow to 2CK fixed point where J xy,z 1 flow to large values while J xy,z 2 decreases with decreasing temperature (energy). On the other hand, for weak enough interactions in the leads, K → 1 − , all four Kondo couplings tend to flow to 1CK fixed point with large values (see Fig. 1 ). Similar trend is found for a fixed K → 1 and different bare Kondo couplings as shown in Fig. 2 . It is therefore reasonable to expect a 1CK-2CK quantum phase transition in the parameter space of J xy,z 1,2 , K. However, the weak coupling RG analysis is valid only at relatively higher energies, and it breaks down as the system gets closer to the ground state, which explains the rapid increase of J xy,z 2 in Fig. 1 and Fig. 2 at lower temperatures where J xy 1 already exceeds the perturbative regime, J xy 1 > 1. In fact, the low energy behaviors are determined by the physics in the strong coupling regime. Therefore, to address the possible quantum phase transition between 1CK and 2CK fixed points, it is necessary to be able to access the neighborhood of the strong-coupling 2CK fixed point as we shall discuss below.
2-channel Kondo temperature
To probe the crossover between 1CK and 2CK fixed points, it is instructive to investigate how the Kondo temperature T K changes with increasing electron-electron interaction in the leads (or with decreasing the value of K from 1). Since J (1), increases rapidly with increasing electron interactions in the leads, and its value is much larger than the Kondo temperature of the same setup in the non-interacting B. RG analysis near strong coupling (2CK) fixed point.
RG scaling equations and the phase (RG flow) diagram
The authors in Ref. 21 performed scaling dimension analysis near a strong coupling regime where J 21 ), and arrived Eq. 2 of Ref. 21 .
. They found the scaling dimensions for the Kondo couplings to be [J
The J xy 1 term is relevant for K < 1, and J xy 2 term is relevant for
becomes marginally irrelevant, and it can flow to a large value under RG if the bare Kondo couplings are large enough once the 1-loop RG is performed. This seems to suggest a stable 1CK near strong coupling regime as all of the four Kondo couplings can either flow to or stay at large values (of order 1).
To gain more insight into the stability of the 1CK/2CK fixed point, we apply RG approach at 1-loop order together with bosonization and re-fermionization near 2CK fixed point. First, we shall map the bosonized Hamiltonian Eq. 1 of Ref. 21 onto an effective Kondo model via re-fermionization. It has been shown in Ref. 21 that near the strong coupling 2CK fixed point J
→ 0, the effective Hamiltonian reads:
). Note that near 2CK fixed point, the dominating "backscattering" J xy 1 term effectively cuts the Luttinger wire into two separate pieces at x = 0 21,23 , leading to the well-known open boundary condition for an impurity in a Luttinger liquid at x = 0: c i,
The boson field φ a is approximately pinned to a constant value 21 . Also, since S x commutes with H 2CK , we may therefore set S x to its eigenvalue ± 1 2 in H 2CK . The the scaling dimensions of Kondo couplings near 2CK fixed point are 21, 23, 26 [J
Note that all the above three couplings are irrelevant for K < 1. This suggests that the system favors the 2CK fixed point at ground state K < 1. Meanwhile, by a stability analysis in Sec. V., we show that the 2CK fixed point is a also a stable fixed point for K > 1 2 once the system gets there.
However, as suggested in our weak-coupling RG analysis, the 2CK fixed point may be unstable for K → 1 − and/or large enough bare Kondo couplings such that J xy,z 2 may become relevant again, and the system can undergo a 1CK-2CK quantum phase transition. To address this possibility, we shall focus below on the 1-loop RG flows of the leading two irrelevant operators near the 2CK fixed point, given by:
Via the similar re-fermionization as shown in Appendix A., we map H 0 + δH 2CK onto an effective Kondo model subject to a bosonic environment:
where the boson field θ 
The re-fermionization of H 0 is done through the following identifications:
where we have decomposed the boson field 1 K θ a into two independent sets of boson fields: the "free" (θ 0,a ) and "interacting" (θ a ) parts: Here, the "free" part of the boson fields θ 0,a (defined in the same way as in Sec.II.) can be re-fermionized into two effective non-interacting fermion leads described byH 0 withc σ α being the electron destruction operator of the effective non-interacting leads
with α = 1(L), 2(R) being the index for effective noninteracting leads, s
k ′ β being the spin-flip (z-component of the spin) operators between the effective leads γ and β. Note that the effective noninteracting leads also exhibit the helical nature; namely, the spin up/down (σ =↑ / ↓) electrons are tied to the right (R)/left (L) moving particles, respectively. The "free" part of boson field θ 0,a follow the correlations of the free fremions in 1D:
Meanwhile, H b represents for the effective dissipative ohmic boson environment (baths) made of the "interacting" part of the effective bosonsθ a . These bosons couple to the Kondo dot through the additional exponential "phase" factors in the effective Kondo termsH 2CK , leading to all the combined Kondo-Luttinger physics 29 . In particular, since these dissipative ohmic bosons obey the following correlations via Eq. 6:
; (11) while the impurity spin operator S z exhibits the following correlation 21 :
These correlations lead to the non-trivial bare scaling dimensions of the Kondo couplings and therefore to the first term (linear in the Kondo coupling) of the RG scaling equations. Note that since near 2CK fixed point φ s,a fields are decoupled from Eq. 5, we have effectively two independent degrees of freedom left among the four: (φ s,a , θ s,a ); the open boundary condition for the spin-up right-moving (R) and spin-down left-moving electrons: φ
is implied in Eq. 8. With the help of Eq. 7 and Eq. 8, , we finally arriveH 0 andH 2CK in Eq. 6.
Next, we shall obtain the one-loop RG scaling equations for J xy 2 andJ z 1 in Eq.6. To this aim, we define the dimensionless couplings j
being defined in Appendix B. and C.. We derive the 1-loop RG scaling equations via the poor-man's scaling approach in Ref.
29 (see Appendix B.) and via field-theoretical ǫ-expansion technique (see Appendix C.):
For K → 1 − we find an intermediate quantum critical fixed point (QCP) at j c = (j being large. However, we find the "1CK" fixed point here in the strongcoupling analysis seems somewhat different from the familiar (conventional) 1CK fixed point we obtained in the weak coupling regime where all the four Kondo couplings will flow to (or stay at) large values. Instead, our RG analysis based on re-fermionization for the coupling j
where we find no corrections at 1-loop order. Note that unlike in the weak coupling RG where j 
It is clear from Eq. 14 that 21 j
even for j 0 > j c where the system eventually flows to the 1CK fixed point (see Fig. 5 ). By combining the 1-loop RG analysis in the weak and strong coupling limits, we may obtain the full crossover of J z 2 for the system which will eventually flow to the 1CK fixed point: For T 2CK K < T < µ 0 , j z 2 first grows to order of 1 (see Fig.1 ); then it vanishes in a power-law fashion at lower temperatures T ≪ T 2CK K (see Fig.5 ). However, the above qualitative feature for j z 2 based on the 1-loop RG analysis might get modified at the 2-loop order, which exceeds the scope of our current work and will be addressed elsewhere.
Though
1-channel Kondo temperature T 1CK K
As mentioned above, for j 0 > j c with decreasing temperature the system crosses over from 2CK to 1CK fixed point at a much lower energy scale µ ≈ T
refers to the Kondo temperature associated with the 1CK fixed point. As shown in Fig. 6 , the 1CK fixed point persists to be the ground state at a finite but weak electron-electron interaction strength, K c < K < 1 with K c being the critical interaction below which the ground state switches from 1CK to 2CK fixed point. Meanwhile, the crossover scale to 1CK fixed point T 
IV. STABILITY ANALYSIS OF 1CK AND 2CK
FIXED POINT FOR K < 1.
Having found the possible QPT between 1CK and 2CK fixed points, it is important to perform a stability analysis and study how robust the quantum critical point of our system is against small perturbations. Equivalently, we need to know how stable the 1CK and 2CK fixed points are for K < 1.
We first examine the stability of the helical Luttinger liquid lead itself. In general there exists the single particle backscattering term due to the interaction of c i,R/L (0) and the quantum dot R(L) electrons exist), this H sf term is therefore absent. Nevertheless, the the Umklapp term that exists on a single bond is allowed by the time-reversal symmetry 20 :
The scaling dimension of this term has been shown to be [H um ] = 4K, suggesting that the helical edge state is unstable towards an insulating phase for K < . We now focus on the effects of the particle-hole (ph) asymmetry on the stability of these two fixed points as indicated in Refs. 16, 17, 29 that it is the most relevant perturbation for a Kondo dot coupled to Luttinger liquid leads. Let us first address this issue at 2CK fixed point where the two leads are effectively disconnected. The particle-hole asymmetry in our Kondo model generates potential scattering terms of the following form 16 :
with i, j = 1(L), 2(R) being the lead index, σ =↑ (R), ↓ (L) being spin index, and R(L) being the right (left) moving particles. Here, t and t e terms represent a chemical potential of each lead and a weak tunneling between the disconnected Luttinger leads 28 . Meanwhile, two additional two-particle scattering terms H 2p involving tunneling of spin (t σ ) and of charge (t ρ ) can be generated by the weak tunneling t e via 2nd-order perturbation (see Fig.2 (d) (e) (f) of Ref.
28 ), given by:
The bosonized form of Eq. 19 reads 28 :
Near 2CK, φ a (0) is a constant, therefore the scaling dimensions of these term gives:
It is clear that all operators are irrelevant for 1 2 < K < 2; t e term becomes relevant for K < 1 2 , and t σ is relevant for K > 2.
Next, we consider the stability of the 1CK fixed point. Since the cross-channel Kondo coupling J stay at order of 1, the two semi-infinite Luttinger wires are joined into one single infinite Luttinger wire ? . In contrast to the "weak tunneling" processes mentioned above at the 2CK fixed point, the potential scattering term generates the "weak backscattering" processes between the electrons in the upper and lower edges, including the single-particle backscattering term v e , and the two-particle backscattering terms v ρ , and v σ (see Fig. 2 (a) (b) (c) in Ref. 28 ):
In fact, there exists a duality mapping between the "weak tunneling" and "weak backscattering" limits
Note that at 1CK fixed point, φ a is not pinned to a constant as opposed to that in the 2CK case. The scaling dimensions of these terms can be read off straightforwardly:
The v e term is always irrelevant for K < 1, while the v σ and v ρ terms are irrelevant for 1 2 < K < 2 and relevant otherwise.
Based on the above analysis, we find that both 1CK and 2CK fixed point are stable for 1 2 < K < 1, and unstable for K < As a final remark, we consider here the parity (leftright) symmetric model where J 1 = J LL = J RR with J LL(RR) being referred to the Kondo couplings involving only the left (right) lead. Nevertheless, parity asymmetry is a relevant perturbation near 2CK fixed point. In the presence of parity asymmetry (J LL = J RR ), the system will flow to the 1CK fixed point with the large bare Kondo couplings 29 .
V. CRITICAL PROPERTIES NEAR 1CK-2CK QUANTUM PHASE TRANSITION.
The critical properties and crossovers of various thermodynamical quantities near this newly found 1CK-2CK QCP can be obtained via the above RG approach combined with the field-theoretical ǫ−expansion technique [30] [31] [32] [33] [34] . We employ here a double-ǫ−expansion with two small expansion parameters ǫ and ǫ ′ . Our approach is is valid for the Luttinger parameter K → 1 − as both parameters ǫ and ǫ ′ are within perturbative regime:
we define the renormalized pseudo-fermion fieldsf σ and the renormalized dimensionless Kondo couplings j as:
with Z f and Z j ⊥ /z being the renormalization factors for the impurity field and Kondo couplings, respectively and µ is a renormalization energy scale. The renormalization factors are obtained via minimal subtractions of poles 32, 33 , given by (see Appendix C.):
Within the field-theoretical RG approach, we have checked that the RG scaling equations in Eq. 13 can be reproduced via calculating the β−functions: β(j i ) ≡ µ ∂ji ∂µ | ji,0 with µ being an energy scale, j i = j being the bare Kondo couplings (see Appendix C.). Below we discuss various critical properties and crossover functions based on field-theoretical ǫ-expansion approach.
A. Observables at criticality.
We first calculate various observables at criticality, including correlation length exponent, impurity entropy, dynamical properties of the T-matrix and local spin susceptibility.
Correlation length exponent ν.
The correlation length exponent ν describes how the correlation length ξ diverges when the system is tuned to the transition: ξ ∝ |t| −ν with t ≡ j0−jc jc being the dimensionless distance to the QCP. It also gives the powerlaw vanish of the characteristic crossover energy scale T * close to the transition: T * ∝ |t| ν . To calculate ν, we first linearize the RG scaling equations Eq.13 near QCP. The correlation length exponent ν is determined by the largest eigenvalue of the coupled linearized equations, found to be:
where the leading order behavior ν ≈ 1 2ǫ is obtained by expanding the square-root in Eq. 25 in the limit of ǫ ≪ ǫ ′ .
Impurity entropy.
The impurity contribution to the low-temperature entropy near QCP is obtained by a perturbative calculation of the impurity thermodynamic potential Ω imp 33 with respect to the 2CK fixed point and taking the temperature derivative: S imp = ∂Ωimp ∂T . At QCP and T = 0 it can be written as:
where
ln 2K is the zero-temperature residual impurity entropy at 2CK fixed point which shows the existence of fractionally degenerate ground state 14, 21, 27 , and ∆S imp is the correction to S 2CK imp at QCP. Following similar renormalized perturbative calculations in Ref. 33 , we find
. (27) Therefore, we have:
3. The T −matrix.
The conduction electron T −matrix, T αα ′ (ω), in the Kondo model carries important information on the scattering of the conduction electrons from lead α to lead α ′ via the impurity. In particular, T αα ′ (ω) with α = α ′ describes the transport across the dot, detectable in transport measurements. The T −matrix is determined from the conduction electron Green functions
36 . Near 2CK fixed point, T αα ′ (ω) with α = α ′ is defined through the propagator, G T , of the composite operator
33 . Following the similar calculations in Ref. 33 and Appendix C., we analyze the propagator G T (ω) near 2CK fixed point and find at zero temperature Im(T
T with the anomalous exponent at the tree level with respect to the 2CK fixed point given by η
. Near 1CK-2CK QCP, however, Im(T αα ′ (ω)) acquires an additional anomalous power-law behavior:
where the additional anomalous exponent η T is obtained via the renormalization factor Z T for the T −matrix propagator T αα ′ (ω) 32, 33 :
. Here, the renormalization factor Z T is obtained by minimal subtraction of poles 32, 33 :
with Z f , Z j ⊥ given by Eq. 24. We find therefore
and Im(T αα ′ (ω)) at QCP behaves as:
4. Local spin susceptibility χzz(ω).
The local dynamical spin susceptibility Im(χ zz (ω)) at the impurity (quantum dot) is defined as the time Fourier transform of the spin-spin correlator: < S z (0)S z (t) >. At zero temperature, the imaginary part of the local susceptibility, Im(χ zz (ω)), shows a power-law behavior at QCP:
Here, η 2CK χ = ǫ is the anomalous exponent of Im(χ zz (ω)) at the tree level with respect to the 2CK fixed point via the correlator < S z (0)S z (t) >∝ As T → 0, the 1CK ground state is reached when t > 0 or j0 > jc; while as the 2CK ground state is reached for t < 0 or j0 < jc. Here, j0 > (<)jc refers to the upper right (lower left) region in the phase diagram shown in Fig. 4 where the RG flows are towards the 1CK (2CK) fixed point. The dashed vertical arrow at t < 0 refers to the finite temperature crossover between the quantum critical region (blue shaded area bounded by the crossover temperature T * ) and the 2CK ground state, which is our interest. Here, j0 and jc are defined in the text.
with Z χ = Z 2 f being the renormalization factor for the impurity susceptibility 32, 33 and Z f defined in Eq. 24. Carrying out the above calculations, we arrive at
and finally Im(χ 2CK zz (ω)) at QCP shows the following power-law behaviors:
B. Hyperscaling.
The impurity correlations at QCP is expected to obey certain hyperscaling properties. For example, the local dynamic spin susceptibility at criticality obeys ω T scaling in the following form:
with Φ( ω T ) being an universal crossover function for the QCP here and A being a non-universal pre-factor. Similar scaling form can be found in the T-matrix. Hyperscaling can be used to determine relations between various critical exponents. It has been known [32] [33] [34] [35] that the correlation length exponent ν and the anomalous exponent η χ are sufficient to determine all critical exponents associated with a local field h. In particular, the exponents γ and γ ′ via the T → 0 limit of the local susceptibility near criticality are defined as 34, 35 :
Meanwhile, the critical exponents β and δ associated with the local magnetization m loc can be determined by:
With the values for critical exponents ν (Eq. 25) and η χ (Eq. 33) at hand, the other critical exponents are therefore given by:
C. Crossover near critical point.
Next, we focus on calculating the crossover functions close to the 1CK-2CK quantum critical point. In general, the crossover functions of observables near criticality depend on the RG flows of both j 
One can therefore easily solve Eq. 39 analytically, and its solution for the range between QCP at j , which agrees with our earlier result in Eq. 25. The crossover function in Eq. 40 can be used to compute various crossovers in thermodynamic functions near 1CK-2CK QCP as discussed below.
The impurity susceptibility T χimp(T ).
The impurity susceptibility is defined as 33, 34 : χ imp (T ) = χ imp,imp + 2χ u,imp + (χ u,u − χ bulk u,u ) where χ u,u is the bulk response to the local field applied to the bulk only, χ imp,imp is the impurity response to the local filed applied to the impurity only, χ u,imp is the crossed response of the bulk to an impurity field, χ bulk u,u is the susceptibility of the bulk in the absence of the impurity. We can calculate χ imp (T ) via perturbative approaches in Refs. 33, 34 . We find (up to the first order in j xy 2 ) χ imp (T ) has the following crossover form (see Eq. 40 and Fig. 8 ):
where χ
2CK
imp is the impurity susceptibility at the 2CK fixed point, given by 23 χ
with impurity specific heat at 2CK fixed point given by:
21,37 . We have therefore η Fig.8 ).
Impurity entropy Simp(T ).
At 2CK fixed point, the impurity residual entropy has been calculated in Ref. 21 :
33 , the correction to S
2CK
imp near QCP is obtained within perturbative RG approach the by calculating the thermodynamic potential and taking the temperature derivative. The crossover function for the impurity entropy near QCP is found to be 33 :
The equilibrium conductance G(T ) has the following crossover form between 2CK fixed point and the QCP (see Fig. 9 ):
Note that in equilibrium the linear conductance at 2CK fixed point G 2CK (T ) is determined by the bare scaling dimension of the leading irrelevant operator j xy 2 , [j
* where the system reaches the 2CK fixed point, the temperature dependence of G(T ) in Eq. 43 reduces to that at 2CK, G(T ≪ T * ) ∝ G 2CK (T ), as expected.
VI. DISCUSSIONS AND CONCLUSIONS.
Before we conclude, we would like to emphasize again the clear physical picture we provided in the Introduction to make our main results more transparent. First, it is well-known that the stable one-channel and two-channel Kondo fixed points are expected in the case of Kondo quantum dot coupled to two conventional spinful Luttinger liquid leads 16, 17 . The ground state of this system changes from 1CK to 2CK when Luttinger parameter K reduces from the non-interacting limit (K = 1) to the strongly interacting limit (K < 1 2 ). The electron-electron interactions in the Luttinger liquids act equivalently as if an additional dissipative Ohmic boson bath is coupled to the quantum dot 3, 29 , leading to suppression in electron transport from one lead to the other through the dot. A quantum phase transition between 1CK and 2CK fixed points was argued to exist at K = 1 2 as a direct consequence of the competition between the cross-channel Kondo coupling J LR and the suppression of tunneling due to electron-electron interaction 16, 17 . However, up to now there is no analytic and controlled approach to access this transition. Note that the 1-loop RG approach does not work here to reach to the 1CK-2CK quantum critical point since near 2CK fixed point the Kondo couplings J LL/RR , involving in the renormalization of the cross-channel Kondo coupling J LR , both go to infinity under RG.
When a quantum dot couples to helical Luttinger liquids (a special type of Luttinger liquid), we expect the 1CK and 2CK ground states are also the two possible stable phases for the same reason mentioned above. However, due to the helical nature of the Luttinger liquid leads, the underling two-channel Kondo model becomes anisotropic (J ) for a quantum dot coupled to conventional Luttinger liquid leads. This crucial difference enables us to access the QPT between 1CK and 2CK fixed point of our system via the controlled RG approach.
In the limit of a weakly interacting helical liquid K → 1 − , we find the similar competition between these two possible ground states. The 1CK phase is reached when J xy 2 is large enough; while as the 2CK phase is reached when the electron-electron interaction becomes strong enough. Via a controlled perturbative RG approach at 1-loop order, we find that the 1CK-2CK quantum phase transition occurs near K = 1 − . To reach the 1CK-2CK phase transition in our setup, we believe it is necessary to go beyond the tree-level bare scaling dimension analysis, which predicts a stable 2CK phase for as long as K < 1 21 . The 1-loop RG is the leading correction to the above-mentioned bare scaling dimension analysis. Note that the main difference between the case for conventional Luttinger liquid and that for helical liquid is that the resulting two-channel Kondo model is isotropic in the former case; while it is anisotropic in the latter case. This difference affects details of the critical properties, such as: the critical points occurs at K = K c = 1 2 for the Kondo dot coupled to Luttinger liquid; while as K c = 1 − O(ǫ) for the case of helical Luttinger liquid. At a general level, however, we should expect a 1CK-2CK quantum phase transition to exist in both cases.
In summary, we have re-examined Ref. 21 on the twochannel Kondo physics in the Kondo quantum dot coupled to two helical edge states of 2-dimensional topological insulators. Via the 1-loop renormalization group approach which goes beyond the scaling dimension analysis in Ref. 21 , we found the quantum phase transition between the one-channel (1CK) and two-channel (2CK) Kondo ground states for weakly interacting leads (K → 1 − ). We made definite predictions on the critical properties when the system is close to the transition. Our results are robust for 1 2 < K < 1, and they refine the statement in Ref.
21 that the two-channel Kondo ground state is stable for as long as K < 1. Our results also provide the first theoretical realization of the quantum phase transition between 1CK and 2CK physics in Kondo impurity models. Further investigations via field-theoretical and Numerical Renormalization Group (NRG)
11 approaches are needed in order to clarify the critical properties, including the critical exponents and finite-temperature dynamics in crossover functions associated with the transition 38 . Our results could in principle motivate the search for these critical properties near 1CK-2CK quantum phase transition in future experiments on Kondo quantum dot coupled to 2D topological insulators.
In this Appendix, we provide some details on deriving the RG scaling equations of Eq. 3 for K → 1 − from the bosonized Hamiltonian Eq. 2. Following Refs.
22,23 , we decompose the boson fields Φ ν ≡ θ ν , φ ν with ν = s, a into the "fast" (Φ > ν ) and "slow" (Φ < ν ) components:
The partition function can be decomposed in the following form:
The partition function Z µ can be re-expressed by exponentiating < ... > f in the integrand in terms of the effec-
with L K being the Lagrangian of the Kondo model (see Eq. 2), involving only the slow component of the fields with the following form via the cummulant expansion:
The RG procedure is carried out by integrating out the fast modes of bosons and expressing the effective lowenergy theory in the original form with the renormalized couplings. The following two-point correlation functions of boson fields prove to be useful in the RG analysis 22 :
where K 0 is the Bessel function of the second kind. It is clear from Eq. A5 that G(τ ) can be considered a shortranged function of τ . First, we focus on the first order cummulant < S int [Φ > + Φ < ] >, which leads to the bare scaling dimensions of various Kondo couplings in Ref. 21 . The renormalization of the forward longitudinal term J We first focus on the terms in J xy 2 J z 2 which will contribute to the renormalization of j 
After averaging over the fast modes and rescaling τ, τ ′ , we arrive at: J (A15) Therefore, the pre-factor a 2 in Eq. A12 is found to be a 2 = 1. Similarly, we find the pre-factors c 1 = b 1 = b 2 = d 1 = 1 in Eq. A12.
Next, we consider a different type of renormalization involving J z 1 terms. We may focus on a typical term J 
We may use the following identities 22 to simplify Eq. A16: 
With the above relations, Eq. A17 becomes:
The leading logarithmic correction comes from the term ∂ x < θ > s (x, τ )φ > s (0, τ ′ ) > f , which can be evaluated via the following relations 22 :
We have therefore
After collecting all the terms and performing re-scaling, Eq. A16 becomes:
Finally, the correction to j 
